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Abstract
We propose the multi-center generalization of the MICZ-Kepler system (describing the motion of the charged particle
in the field of Dirac dyon) on the arbitrary conformally flat space. When the background dyons have the same ratio
of the electric and magnetic charges the system admits N = 4 supersymmetric extension. We show that the two-
center MICZ-Kepler system on the Euclidean space is classically integrable; when one of the background dyons is
located at the infinity the system results in the integrable generalization of the one-center MICZ-Kepler system in
the parallel constant uniform electric and magnetic fields with some specific potential field. Moreover, any system
(without monopoles) admitting the separation of variables in the elliptic or parabolic coordinates could be extended to
the integrable system with the Dirac monopoles located in the foci of these coordinate systems. We also construct the
integrable system describing the particle in parabolic quantum dot in the presence of parallel constant uniform electric
and magnetic fields.
Introduction
Among the finite-dimensional integrable systems the Kepler system is a special one due to its wide applications and due
to existence of the hidden symmetry given by the Runge-Lenz vector [1]. During last century many generalizations of
the Kepler system were proposed, including the Kepler systems on the spheres and hyperboloids [2] and their higher
dimensional generalizations. Zwanziger and independently McIntosh and Cisneros suggested generalization of the Kepler
system describing the motion of the charged particle in the field of Dirac dyon (electrically charged Dirac monopole), which
is presently known as MICZ-Kepler system [3]. Later on, the similar generalizations have been found also for the Kepler
system on three- and higher-dimensional spheres and on the two-sheet hyperboloids [4]. Besides the monopole magnetic
field, the MICZ-Kepler Hamiltonian contains the specific centrifugal potential term which endows it with the hidden
symmetry of the Kepler system. The only essential differences between the MICZ-Kepler system and the Kepler system
are the lift of the range of the orbital angular momentum [3] and the modification of the permissible dipole transitions [5].
Indeed, only these changes appeared in any spherically symmetric system (without monopole) upon incorporation in the
center of spherical coordinates of the the Dirac monopole supplied by the following change of potential




Here G(|r|)dr2 is the metrics of the configuration space [6], and s = eg is the “monopole number” (e is the electric charge
of probe particle, and g is magnetic charge of the monopole).
On the other hand, in the middle of XIX century Jacobi established the integrability of the two-center Kepler system
and of its limiting case when one of the forced centers is placed at infinity which leads to generation of the homogeneous
potential field (we shall refer this limiting case as the Kepler-Stark system because of its obvious relevance to the Stark
effect in the hydrogen atom). Jacobi also found that these systems admitted the separation of variables in the elliptic and
parabolic coordinates, respectively. However, the MICZ-like extensions of these systems as well as that of the multi-center
Kepler ones were unknown up to now. The N = 4 supersymmetric extensions of MICZ-Kepler were also unknown, though
some related results concerning supersymmetric MICZ-Kepler system are exist ([7] and refs therein).
In this paper we surprisingly get the answers for the questions listed above starting from supersymmetry. At first,
we consider three-dimensional N = 4 supersymmetric mechanics with four fermionic degrees of freedom (which results
upon quantization in spin 1) describing by the so-called N = 4, d = 1 tensor supermultiplet [9] with the most general
Fayet-Illiopulos term [10, 11]. We find that it describes the motion of probe particle in the conformally flat space in the
field of N fixed Dirac monopoles (including the monopole located at infinity). In the Euclidean space this system results
in the multi-dyon generalization of the MICZ-Kepler system with the background dyons having the same ratio of the
electric and magnetic charges. In the case of the multi-center Taub-NUT metric the system admits N = 8 supersymmetry
and describes the motion of the probe particle in the field of well-separated BPS monopoles/dyons. The centrifugal term












where rI is the distance between probe particle and I-th monopole, sI = egI (gI is the magnetic charge of I-th monopole)
and B0 is a constant uniform magnetic field induced by monopole located at infinity. In the case of Euclidean space and
Kepler potential the system can obviously be considered as a multi-center MICZ-Kepler system. Then, analyzing the
two-monopole configuration (including the monopole located at infinity) we arrive at the following result:
The system (without monopoles) admitting separation of variables in elliptic/parabolic coordinates remains separable
after including the Dirac monopoles at the foci of elliptic/parabolic coordinates supplied with the MICZ-replacement (2).
In this way we obtain the integrable two-center MICZ-Kepler system and the MICZ-Kepler-Stark system with arbitrary
values of electric and magnetic charges. The MICZ-Kepler-Stark system is of the special importance: it describes the
one-center MICZ-Kepler system subjected to the parallel constant uniform electric and magnetic fields (i.e. MICZ-Kepler-
Stark-Zeeman system) with some special confining potential. Moreover, one may add the specific oscillator potential to
this system and obtain the integrable one-particle quantum dot model. Switching off the magnetic charge of the dyon and
the constant uniform electric field we arrive at the integrable model of quantum dot considered in the context of condensed
matter physics few years ago [12]. It is noteworthy that integrability of the systems with one- and two-center Taub-NUT
metrics has been established, respectively, in [13, 14] and [15].
N = 4 supersymmetry
We begin with the construction of three-dimensional supersymmetric mechanics with four real supercharges (N = 4
supersymmetric mechanics) with non-trivial interaction term [10, 11]. For this purpose we will use the N = 4, d = 1
tensor supermultiplet with the most general Fayet-Iliopoulos term. The most general N = 4 supersymmetric action could
be constructed as a sum of integral over the whole superspace IR1|4 of a scalar function depending on tensor supermultiplet
(it gives the kinetic part of the action) and of the corresponding Fayet-Iliopulos term found in [10, 11].
Rewriting this action in terms of physical components and performing the Legendre transformation we we arrive at
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(χχ¯)2, pi ≡ p− eA. (3)




















∂ logG, GB ≡ ∂ ×A = −∂f(r), Λ = χσχ¯ : {Λi,Λj} = 2εijkΛk. (5)
To quantize the system we have to replace the odd variables χa with four-dimensional Euclidean gamma-matrices χa →
~(γ̂a+ ıγ̂a+2)/
√
2 and χ¯a by their Hermitean conjugate χ¯a → ~(γ̂a− ıγ̂a+2)/
√
2, and (χχ¯)2 by γ̂5 matrix. The momentum
will be quantized as follows pi → −ı~∂ − eA.
It is follows from (5) that B is the strength of external magnetic field which emerged in the system and Λ defines the
spin matrices. Thus, the third term in the Hamiltonian may be interpreted as Zeeman energy with the particle charge
e. From the first expression in (5) one can see that the magnetic field is a potential one, i.e. it could be represented as
a superposition of the magnetic fields of fixed Dirac monopoles (including monopole located at infinity which generates
constant uniform magnetic field). Indeed, it follows from (5) that f is harmonic function ∂2f = 0. Hence, the general
solution for f could be represented as a superposition of the Coulomb potentials located at the points aI together with the
linear function (which could be viewed as potential of Coulomb source located at infinity) plus integration constant [10].
Therefore, the vector potential A is a superposition of the vector potentials of the Dirac monopoles located at the points






|r− aI | +B0· r+ κ , A =
N−1∑
I=1




|r| − nr , n
2 = 1. (6)
The unit vector nI and the constant parameter gI define, respectively, the singularity line and the magnetic charge of the
I-th Dirac monopole, whereas B0 is the magnitude of homogeneous magnetic field.
The expression (6) yields the key observation of our work: we define ”the multi-center MICZ-replacement” by Eq. (2).
















In the Euclidean space the first term has the straightforward meaning: it is of the electrostatic field of the background
dyons. Whereas the second term shifts the energy to the positive region. The whole potential energy is given by the
expression U = f2/2G. Thus, for G = f the potential of the Dirac monopole results in the potential of the background
field as well. For this cases we can assert that the constant κ provides the background monopoles with electric charges, i.e.
converts monopoles into the dyons. Let us notice that the system under consideration includes neither the MICZ-Kepler
systems on the three-dimensional sphere and hyperboloid [4] nor their multi-center generalization [17] .
Euclidean space







− eΛ · B, Qα = ı(p̂iχ¯)α − efχ¯α, where B = −∇f(r). (8)






















+ E0, rI ≡ |r− aI |, (9)
where the following notation is introduced sI ≡ egI , eI ≡ κsI , E0 ≡ eκB0, E0 ≡ e2κ2/2. We interpret eI as the electric
charge of the I-th monopole, E0 as the strength of the constant uniform electric field parallel to the magnetic one, and
E0 as a ground energy of the system. Thus, the constant κ provides the background monopoles with electric charges, i.e.
turns them into dyons. All these dyons have the same ratio of the electric and magnetic charges eI/gI = |E0|/|B0| = eκ
and therefore obey trivial Dirac-Schwinger-Zwanziger charge quantization condition:
sIJ ≡ eIgJ − eJgI = 0, sI∞ = 0. (10)
One should remind that in the general case one have sIJ/(2pi~) ∈ Z. In the case with only one background dyon the
bosonic part of our system coincides with standard MICZ-Kepler (or charge-dyon) system [3] with no restrictions on the
admissible values of electric and magnetic charges.
Hence, the system (8),(9) could be interpreted as a N = 4 supersymmetric multi-center MICZ-Kepler system with the
background dyons obeying the condition (10).
The underlying bosonic MICZ-Kepler system could have not only repulsive Coulomb potential but an attractive one
as well: the presence of the “ground energy term” E0 makes the Hamiltonian positive in the whole range. In the limiting
case with the single background dyon located at infinity we get the the particle moving in the parallel constant uniform
electric and magnetic fields and in the the one-dimensional oscillator potential field with the frequency ω = e|B0| confining
the system in B0-direction.
Multi-center Taub-NUT space
Let us consider the constant e in (3) as a momentum pφ ≡ e conjugated to some cyclic variable φ [11]. Then the system
may be interpreted as the N = 4 supersymmetric free particle moving in the four-dimensional space endowed with the
metric
ds2 = G(r)dr2 +
G(r)(dφ +Adr)2
f2
, ∂ ×A = −∂f. (11)
With G = f the metric (11) becomes the multi-center Taub-NUT metric which possesses the hyper-Ka¨hler structure. In
this case the initial N = 4 supersymmetry may be extended to the N = 8 one by adding a proper number of fermionic
degrees of freedom [16]. This system describes the motion of the probe N = 8 particle in the background of well-separated
BPS monopoles/dyons [13]. Its potential is U = e2f/2 = e2Br+
∑
i e
2gI/rI+κ. Similar to the Euclidean case the electric
charges are proportional to the magnetic ones. The Euclidean and Taub-NUT systems are related with each other. Indeed,
the energy surface of the Taub-NUT system HTaub = ETaub could be written as follows pi2/2 + e2f2/2 − fETaub = 0.
Taking into account the expression (6) we arrive at the energy level of the multi-center MICZ-Kepler system with the
background dyons obeying the condition (10). It is clear that supersymmetric versions of these systems do not admit such
a simple correspondence.
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On the other hand, the system in one-centered Taub-NUT space possesses the hidden symmetry of the Kepler system
[13] (see also [14]). The two-center Taub-NUT system is also integrable [15]. Therefore, one may suppose that two-center
MICZ-Kepler system in the Euclidean space will be also integrable. Notice also that for the special case of the system
without magnetic field, f = 1, the metric (11) becomes conformally flat. The reductions of the N = 4 supersymmetric
particle on this space to three dimensions has been considered in [8, 10].
Two-center MICZ-Kepler system: integrability
In this Section we demonstrate the classical integrability of the two-center MICZ-Kepler system with arbitrary values of
the electric and magnetic charges of the background dyons. This problem leads to the monopole generalization of the
well-known Jacobi solution of the two-center Kepler system [1]. Let us emphasize that in contrast to the supersymmetric
case, here the values of electric and magnetic charges can be chosen arbitrary. It other words, the triviality of the DSZ
condition (10) does not affects the separation of variables. Moreover, we shall show that adding to the system any potential
U(r), which is separable in elliptic coordinates (with foci at the dyons) preserves the integrability.
Let us suppose that two static monopoles with magnetic charges g1 and g2 are fixed on z-axis at the points a = (0, 0, a)
and −a = (0, 0,−a). In symmetric gauge when Dirac string goes along whole z-axis the vector potential of the monopole
in spherical coordinates has the form Ar = Aθ = 0, Aϕ = g cos θ. So, in the spherical coordinates the Hamiltonian of






















+ U(r, θ, ϕ), (12)
where p = (pr, pθ, pϕ) is the canonical momentum of the system and U is the appropriate potential. Now we turn to the
elliptic coordinates (2ξ = (r1 + r2)/a, 2η = (r1 − r2)/a). In these coordinates the Hamiltonian reads
H = 1
2a2 (ξ2 − η2)
((
ξ2 − 1) p2ξ + (1− η2) p2η)+ Us1,s2(ξ, η, ϕ), (13)
where
Us1,s2(ξ, η, ϕ) ≡ U(ξ, η, ϕ) +
1















and s± ≡ s1 ± s2. The underlying system (without monopoles) admits the separation of variables in elliptic coordinates
if its potential term has the following form [1]:
U(ξ, η) = V (ξ) + W (η)
ξ2 − η2 . (15)
In this case the system with monopoles admits the separation of variables too. If one put for the generating function





+ V(ξ)− 2a2E (ξ2 − 1) = n, (1− η2)(dS2
dη
)2







ξ2 − 1 + 2aκs+ξ + 2a





1− η2 + 2aκs−η + 2a
2W (η), (17)
and n is separation constant. The two-center MICZ-Kepler system with arbitrary values of electric and magnetic charges
belongs to this class: its potential is given by the expression U = e(q1−eκg1)/r1+e(q2−eκg2)/r2, and could be represented
in the form (15).
From (16)-(17) we can immediately get the explicit expression for the quadratic (on momenta) constant of motion,
which is responsible for the separation of variables (cf.[1]). That is












Though we restrict ourself to the system in the Euclidean space it is clear from consideration that our conclusion remains
valid for the systems with any metric which admits the separation of variables in elliptic coordinates.
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MICZ-Kepler-Stark(-Zeeman) system
The system considered above has an important limiting case. If we move one of the background dyons to infinity then it
will generate the parallel constant uniform electric and magnetic fields. Similar to previous case we shall show that if the
system (without monopoles) allows the separation of variables in the parabolic coordinates then it admits the separation
of variables also in the presence of the dyons placed at the foci of parabolic coordinates.
In spherical coordinates the vector-potential of the constant uniform magnetic field, assumed to be in z-direction, is
Ar = Aθ = 0, Aϕ =
B
2


















+ eBz + κ
)2
+ U(r, θ, ϕ), (19)
Let us choose the parabolic coordinates given by formulae ξ = r + z, η = r − z, and suppose that the potential U is
separable in parabolic coordinates [1]
U (ξ, η) = U(ξ) + V (η)
ξ + η
. (20)






























Separability of the variables in this system is obvious. The constant of motion, which is responsible for the separability of









Notice that similar to elliptic case our conclusions concerning integrability remains valid also for the systems with
non-constant metric G which admit the separation of variables in parabolic coordinates.
The important particular case of the systems under consideration is the Jacobi problem when the potential is the
sum of the Coulomb potential and the potential of the constant electric field parallel to the magnetic one (Kepler-Stark
system): U = eq/r + eE− eκB0r, where E‖B0. Using this potential we get the MICZ-Kepler-Stark system without any
correlation between electric and magnetic charges given by (10). In this case the Hamiltonian looks as follows:

















Hence, two-center MICZ-Kepler-Stark system could be interpreted as the (one-centered) MICZ-Kepler system in the
parallel constant uniform electric and magnetic fields with some additional potential. Due to this additional correction
the system becomes integrable, in contrast with MICZ-Kepler system in the constant uniform electric and magnetic fields.










In this case putting s = 0 we obtain the Coulomb particle in the parallel electric and magnetic fields placed in the




2 . The similar integrable system without electric field have been recently proposed in the context of
condensed mater physics as a model of two-electron quantum dot [12].
Conclusion
To conclude, let us emphasize the main statements of this paper:
• We presented the multi-center MICZ-Kepler system describing the motion of the probe electrically charged particle
in multi-dyon background.
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• We have shown that the multi-center MICZ-Kepler system with the same ratio of the electric and magnetic charges
of background dyons admits the N = 4 supersymmetric extension .
• We proved the exact solvability of the two-center MICZ-Kepler and of the MICZ-Kepler-Stark systems.
• We extended the MICZ-Kepler-Stark system in such a way, that it involves, as a particular case, a two-electron
axially symmetric quantum dot in the parallel constant uniform electric and magnetic fields.
Moreover, the results listed above are more general because they embrace a wide range of system and potentials including
important cases of curved configuration spaces. The direct connection of the MICZ-Kepler-Stark system with the problems
arising in the physics of nanostructures can receive further development and applications especially in the quantum-
mechanical context. The quantum-mechanical description of MICZ-Kepler and MICZ-Kepler-Stark systems, as is known,
has much in common with the Hamilton-Jacobi formalism presented in this paper. We intend to study this issue in our
further publications.
Finally, generalizing the construction considered in the paper we may suggest an anzats which could describe the
























 , rIJ = |rI − rJ |. (26)
Obviously, this system is not exactly solvable. But, apparently, there should exist the static configurations of the particles
analogous to those well-known from the celestial mechanics of three-body systems.
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